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r . ,  z , ,  cy l indr ica l  coordina tes ;  v . ,  w . ,  radia l  and t r a n s v e r s e  veloci ty  components ;  2h, ,  dis tance between 
d isks ;  j , ,  Jl*, r a tes  of subl imat ion of lower ( z = - l )  and upper ( z = l )  disks;  P , ,  p r e s s u r e ;  p , ,  densi ty;  ~ , ,  
dynamic v iscos i ty ;  Wik(i = 1, 2), t e r m s  of outer  asymptot ic  expansions (9) ; Cik(i = 1, 2), coeff icients  of (11) ; Wk, 
t e r m s  of inner asympto t ic  expansion (8); z ~ d imensionless  coordinate  of inflow plane;  z { ,  t e r m s  of expansion 
( 1 0 ) ;  R . . . .  i./,.I,u.~ R,=--],.h.l:~; Z=i,. l i . ;  ~.'=~-'.!*.i].~ ~,:,=w,~g,./].; r=r jh . ;  z=z./h.; P=P.p./]~. 
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Express ions  a re  obtained for the rheological  p a r a m e t e r s  (effective v i scos i ty ,  fo rce  of i n t e r -  
phase  interact ion,  etc.) of a modera te ly  concent ra ted  suspens ion of spher i ca l  pa r t i c l e s .  The 
equations of motion of the suspension and of its phases  a r e  writ ten.  

A si tuat ion when the cha r ac t e r i s t i c  spat ia l  sca le  of the ave rage  motion of a d i spersed  medium is fa r  
g r e a t e r  than its in ternal  s t ruc tu ra l  sca le ,  so that it is na tura l  to use the methods of the mechanics  of con-  
tinuous media  to desc r ibe  such motion, is v e r y  common in applicat ions.  Two fundamental  p rob l ems  a r i s e  in 
this case :  to obtain the conserva t ion  equations descr ib ing the ave rage  flow of the phases  of the medium and to 
formula te  the theological  equations closing them. In connection with the wide p reva lence  of d i spe r sed  media  
in var ious  fields of p r ac t i c a l ac t i v i t y ,  bo th these  p rob lems  have been d iscussed  in a ve ry  l a rge  number  of 
r epo r t s  using the mos t  var ied  theore t ica l  and exper imenta l  methods for media  of the most  var ied  types .  

For  s y s t e m s  consis t ing of a continuous phase  and d i sc re te  e lements  of a d i spersed  phase  dis t r ibuted in 
it, the f i r s t  p rob lem was fo rmal ly  solved in [1, 2] using the wel l -developed method of averag ing  of the local con-  
s ervat ion  equations,  wh ich a r e  valid within the m a t e r i a l s  of the phases ,  ove r  the ensemble  of poss ib le  conf igura -  
tions of par t i c les  of the d i spe r sed  phase.  (Bibl iographies  of r e s e a r c h  in this field a r e  also p resen ted  in the 
cited repor ts . )  The basic  method of solving the second main p rob lem was also indicated in [1, 2], but it was 
studied concre te ly  only for  s teady s t r e a m s  of a monodispersed  medium containing fine spher ica l  pa r t i c les  in 
the case  when the i r  volume concentra t ion is not too high, so that  in averaging  over  the ensemble  one can 
neglect  the nonoverlapping of the solid spheres  in the f i r s t  approximat ion.  In this case  the suspens ion was 
analyzed as a macroscop ic  homogeneous "one-ve loc i ty  n medium.* Analogous p rob l ems  for  the p roces s  of 
heat or  mass  exchange in a g ranu la r  medium were  cons idered  in [3]. 

*The resul ts  of [1, 2] a r e  presented  in Russ ian  in the following p rep r in t s :  Yu. A. Buevich and I. N. Shchel-  
chkova, "Continuous mechanics  of monodispersed  suspensions .  Conserva t ion  equations,"  and Yu. A. Buevieh, 
B. S. Endler ,  and I. N. Shchelchkova, "Continuous mechanics  of monodispersed  suspensions .  Rheological  equa-  
tions of s ta te ,"  P rep r in t  Nos. 72 and 85, Inst. Pr ik l .  Mekh. Akad. Nauk SSSR, Moscow (1976) and (1977). 
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Below we a l so  s tudy  a m o d e r a t e l y  c o n c e n t r a t e d  s u s p e n s i o n ,  which we a s s u m e  to be  m a c r o s c o p i c a l l y  

h o m o g e n e o u s  in the  s e n s e  tha t  the  s p a t i a l  s c a l e  of  the  qua n t i t i e s  d e t e r m i n i n g  the  v o l u m e  c o n c e n t r a t i o n  and the  
g r a n u l o m e t r i e  c o m p o s i t i o n  of the  d i s p e r s e d  p h a s e  i s  c o n s i d e r a b l y  l a r g e r  than  the  s c a l e  of the  a v e r a g e  v e l o c i -  
t i e s  of the  p h a s e s  and of  the  o t h e r  d y n a m i c  v a r i a b l e s .  H o w e v e r ,  we use  a t w o - v e l o c i t y  a p p r o x i m a t i o n :  The 
d i f f e r e n c e  b e t w e e n  the  v e l o c i t i e s  of  the  p h a s e s  is  c o n s t r u c t e d ,  and not  on ly  the  equat ions  of mo t ion  of  the  s u s -  
p e n s i o n  as  a whole  but  a l so  of i t s  p h a s e s  s e p a r a t e l y  a r e  s t ud i e d  in e x p l i c i t  f o r m .  The p a r t i c l e s  a r e  a s s u m e d  
to be s p h e r i c a l ,  with the  R e y n o l d s  n u m b e r  for  any  s p h e r e  be ing  a s s u m e d  to be s m a l l .  The  l a t t e r  a l l ows  one 
not on ly  to n e g l e c t  i n e r t i a l  e f fec t s  in an a n a l y s i s  of  the  r e l a t i v e  mo t ion  of  the  p h a s e s  but a l so  to i g n o r e  the  
t e r m s  due to r a n d o m  p u l s a t i o n s  of the  p h a s e s  which  a p p e a r  in the  equa t ions  of mo t ion  in [1, 2] and the  p o s s i -  
b i l i t y  of  t r a n s f o r m a t i o n  of  the  k ine t i c  e n e r g y  of p a r t i c l e  r o t a t i o n  into the  e n e r g y  of  t r a n s l a t i o n a l  mot ion .  In 
th i s  c a s e  t h e s e  equa t ions  a r e  s e p a r a t e d  as  fo l lows :  in a s tudy  of  the  a v e r a g e  m o t i o n  of a s u s p e n s i o n  t h e r e  is  
no need  to c o n s i d e r  the  equa t ions  of  c o n s e r v a t i o n  of t he  a v e r a g e  m o m e n t  of i m p u l s e  of  i t s  p h a s e s .  E x t e r n a l  
m a s s  f o r c e s  wi th  a p o t e n t i a l  4, ac t  on the  s y s t e m ,  but  e x t e r n a l  p a i r s  of f o r c e s  a r e  a s s u m e d  to be absen t .  

F i r s t  l e t  us c o n s i d e r  a m o n o d i s p e r s e d  s u s p e n s i o n .  Unde r  the  adop ted  a s s u m p t i o n s  the  s t e a d y  equa t ions  
of  c o n s e r v a t i o n  of m o m e n t u m  and m a s s  of  the  s u s p e n s i o n  as  a whole  and o f  i t s  d i s p e r s e d  p h a s e  a r e  w r i t t e n  in 
the  l a b o r a t o r y  c o o r d i n a t e  s y s t e m  r in the  fo l lowing  f o r m  [1, 2] : 

dos (r co ~- d:p (c:v) c i = Ve - -  dr(I), Vc = 0, (1) 

d:p (%V) c: = f - -  d:pvO, Vc 1 = 0. 

H e r e  we i n t r o d u c e  the  a v e r a g e  d e n s i t y  and v e l o c i t y  of  the suspension 

d = ed o + ,od 1, c = ec o + p%, (2) 

whi l e  ~ and f r e p r e s e n t  the  e f f ec t i ve  t e n s o r  of the  a v e r a g e  s t r e s s e s  and the  a v e r a g e  f o r c e  of  t he  i n t e r p h a s e  
i n t e r a c t i o n  p e r  uni t  v o l u m e  of  the  s u s p e n s i o n ,  which a r e  f o r m a l l y  e x p r e s s e d  in the  f o r m  

= - -  epl ,'-- 2itoe + p%, 

3 (3) 
~1 --~ 4~a~ x * (nl~) dx, f = n (nlg) dx, 

x ~ a  x ~ a  

w h e r e  Z is the  t e n s o r  of  t he  a v e r a g e  s t r e s s e s  a c t i n g  on the  s u r f a c e  x=a of a s i n g l e  ( test)  p a r t i c l e  of  t he  s u s -  
p e n s i o n  (the o r i g i n  of  t he  c o n v e c t i v e  c o o r d i n a t e  s y s t e m  x is  t a k e n  at  the  c e n t e r  of t h i s  p a r t i c l e )  whi le  e i s  t he  
t e n s o r  of  the  a v e r a g e  d e f o r m a t i o n  v e l o c i t i e s  in the  s u s p e n s i o n  s t r e a m .  The equa t ions  of  c o n s e r v a t i o n  of m a s s  
and m o m e n t u m  of the  con t inuous  p h a s e  c o n s i s t  of  the  d i f f e r e n c e s  o f  the  c o r r e s p o n d i n g  equa t ions  in (1) for  the  
s u s p e n s i o n  as  a whole  and fo r  i t s  d i s p e r s e d  p h a s e .  

F o r  the  d e t e r m i n a t i o n  of the  t e n s o r  Z t h e r e  is  the  s p e c i a l  p r o b l e m  of the  f low o v e r  the  t e s t  p a r t i c l e  of a 
t w o - p h a s e  d i s p e r s e d  m e d i u m  whose  p r o p e r t i e s  at  a d i s t a n c e  f r o m  the  p a r t i c l e  s u r f a c e  c o i n c i d e  with the  p r o p e r -  
t i e s  of  t he  s u s p e n s i o n  but  a r e  not h o m o g e n e o u s  in the  l a y e r  a d j a c e n t  to  th i s  s u r f a c e .  F o r  m o d e r a t e l y  c o n c e n -  

t r a t e d  s u s p e n s i o n s  the  e x i s t e n c e  of  th i s  l a y e r  can  be  n e g l e c t e d  e n t i r e l y ,  which c o r r e s p o n d s  to n e g l e c t i n g  the 
e f fec t  o f  n o n o v e r l a p p i n g  of  the  p a r t i c l e s  in the  d e t e r m i n a t i o n  of the  e n s e m b l e  of t h e i r  c o n f i g u r a t i o n s  [1, 2]. In 
o r d e r  to  f o r m u l a t e  th is  p r o b l e m ,  we w r i t e  the  equa t ions  of  mot ion  (1) in t he  c o n v e c t i v e  c o o r d i n a t e  s y s t e m  

VV = 0, Vo - -  dv (~  + T) = 0, �9 = x {(%V) c:}~=o, 
(4) 

Vv~ = 0, f - -  d~p V (O + W) = 0, 

w h e r e  the  t e r m  con t a in ing  (eiV)c i r e f l e c t s  the  a p p e a r a n c e  o f  an i n e r t i a l  f o r c e  in th is  c o o r d i n a t e  s y s t e m  and is  
ca l cu la t ed ,  for  the  po in t  x = 0 c o n n e c t e d  with the  c e n t e r  of  the  t e s t  p a r t i c l e .  In w r i t i n g  (4) we n e g l e c t e d  the  
i n e r t i a l  e f f ec t s  connec t ed  with the r e l a t i v e  mot ion  of  the  p h a s e s .  

In v iew of  the  l i n e a r i t y  of  Eqs .  (4), one c~n t a k e  [1, 2] 

o ~ - -  pl + 2,tte o, f = k I (v o - -  v:) + k2hv o -+ kay ((I) -+- tltr). (5) 

H e r e  p and ki (i = 1, 2, 3) a r e  s o m e  unknown c o e f f i c i e n t s  which  a r e  d e t e r m i n e d  a p o s t e r i o r i  f r o m  the cond i t ion  
of  s e l f - c o n s i s t e n c y  of the  t h e o r y ,  n a m e l y ,  f r o m  the  cond i t i on  of a g r e e m e n t  of  Eqs .  (5) with the  equa t ions  which 
fol low f r o m  (3) a f t e r  the  so lu t i on  of  the  t e s t - p a r t i c l e  p r o b l e m  and the  c a l c u l a t i o n  of the i n t e g r a l s  in (3) on the 
b a s i s  of  t h i s  so lu t ion .  We e m p h a s i z e  tha t  h e r e  the  s h e a r  s t r e s s e s  in the  s u s p e n s i o n  a r e  c o n s i d e r e d  in the  
a p p r o x i m a t i o n ,  u s u a l  fo r  the  m e c h a n i c s  of  h o m o g e n e o u s  f lu id  m e d i a ,  when one only  a l lows  for  the c o n t r i b u t i o n s  
to t h e s e  s t r e s s e s  p r o p o r t i o n a l  to the  f i r s t  p o w e r s  of  the f i r s t - o r d e r  d e r i v a t i v e s  of the  v e l o c i t y  c o m p o n e n t s  with 
r e s p e c t  to  the  c o o r d i n a t e s  [4]. T h e r e f o r e ,  the cond i t i on  of a g r e e m e n t  of  the  s t r e s s e s  f r o m  (3) and (5) is  u n d e r -  
s tood  to  be  on ly  with the  a c c u r a c y  of  t e r m s  of  j u s t  such a t ype ,  whi le  the  cond i t ion  of a g r e e m e n t  of the  e x p r e s -  
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sions for the force is with the accuracy  of t e rms  linear with respect  to the second-orde r  derivat ives [actually, 
it is c lear  f rom Eqs. (4) that the orders  of magnitude of the components of the vec tors  f and Va are  the same].  

F rom (4) and (5) and the boundary conditions of attachment at the surface  of the test  par t ic le  we have the 
following problem on the flow over  it: 

Vv~ = 0, - -  VP*+ ~tAv~--dv (~ -~ IF) = 0, v~ : to• x : a; 
(6) 

v~, p*-~ v 0, p, x-~ 0o. 

At an infinite distance f rom the par t ic le  the perturbed velocity v~ and the per turbed p res su re  p* of the con-  
tinuous phase must change into the corresponding unperturbed quantities v0 and p (here "infinity" is understood 
in the sense of the method of joined asymptotic expansions). The solution of the problem (6) is easi ly expressed,  
with a rb i t r a ry  v0 and p satisfying Eqs. (4), in the form of ser ies  with respect  to basis functions built on 
spherical  harmonics  (see [5, 6], for example); here  we use the solution in the form obtained in [7], where some 
important  integrals over the surface  of the test  par t ic le  were also calculated, 

Using the resul ts  of [7] and defining Z in accordance with the equation for a in (5), for the quantity in (3) 
we have 

po 1 = p(--  pl + 5~te o -+- 1/2 ,aaZAeo), (7) 

where the last t e r m  in the definition of o should be discarded so as not to assume an excess accuracy  (see the 
comment  above). Similarly,  after  integration [7] we have f rom (3) 

f 9 9~t (v ~  ) +  3 , ~ , 2 a z 4-  P~tAv~ -- pdy (q) -r T), (8) 

which leads [after compar ison with (5)] to the equalities 

k i _  9 p~t kz.__ 3 2 a z , ~ p}x, k 3 -  9d. (9) 

Fur ther ,  f rom the equation of conservat ion of momentum of the dispersed phase in (4), with allowance for 
the expressions for the force in (8) and (9), we have 

1 2 aZ(d--d~) V(~p+~), (10) 
vt : v0 + -~ a2~Vo 4- 9 

f rom which, with the accuracy  of higher derivatives of the velocity, we have 

e==se o + p e  t = e  o : e  t, Av--=Av 0 = A v  i (11) 

[the order  of magnitude of the t e r m s  ar is ing in the differentiation of (10) is easi ly est imated using Eqs. (4)]. 

Allowing for (7) and (11), and comparing the expressions for o in (3) and (5), we obtain the equation for 
the effective viscosi ty  of the suspension 

5 
~== ~t0 ( 1 _  ~ p ) - l .  (12) 

As would be expected, this quantity coincides with that determined on the basis of a one-veloci ty model in [1, 2], 
as well as in [8]. Equation (12) was obtained ear l ie r  in [9] by another method. 

Equations (5), (9), and (12) c lose the sys tem of equations (1) or  (4) for macroscopica l ly  homogeneous sus -  
pensions of identical fine spheres.  In accordance with (11) the tensor  of the deformation velocit ies of the sus-  
pension can be identified with those for the continuous or  dispersed phases [so that e0 and Av0 in (5) can be 
replaced by e and Av], the relat ive velocity v0 - vl in the convective coordinate sys tem obviously coincides 
with the velocity c o - c 1 in the labora tory  sys tem,  while the spatial derivatives of the velocit ies are the same 
in the two coordinate sys tems.  

A compar ison  of Eq. (12) with the experimental  data of [10-12] is i l lustrated in Fig. 1. The tests  of [10, 
11] were chosen for compar ison because they are  usually used to tes t  the major i ty  of proposed equations, 
empir ica l  and others ,  while the tests  of [12] were chosen in view of the ve ry  pure conditions under which they 
were conducted. Only the experimental  resul ts  of [12] for suspensions of polymethyl methacryla te  par t ic les  in 
aqueous solutions of glycerin,  obtained on a ro ta ry  v i scos imete r ,  are  shown in Fig. 1. Both the stabili ty of the 
suspension (particle aggregates  were not formed) and the absence of s t ructure  formation (charac ter is t ic  of 
flows in a capi l lary v i scos imete r ,  for example) were guaranteed in these experiments.  It is seen that the 
theory,  developed for moderately  concentrated suspensions,  leads to fully sa t i s fac tory  resul ts  up to a volume 
concentrat ion of part icles  equal to 20-25%. Curves corresponding to the well-known Einstein equation and the 
equation of [13] are  also presented in Fig. 1. 
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Fig. 1. Dependence of relat ive v iscos i ty  of a suspension on its 
volume concentrat ion;  solid curve) Eq. (12) ; dashed curves)  equa- 
tions of Einstein (1) and of Batchelor and Green [13] (2) ; a) data of 
[10]; b) of [11]; c) of [12]. 

Fig. 2. Dependence of relat ive velocity of sedimentation on volume 
concentrat ion of suspension: solid curve) Eq. (14); dashed curve) 
Batche lor ' s  equation [16] ; 1) experimental  data of [14] ; 2) of [15]. 

Now let us cons ider  the effects connected with the relative motion of the phases,  and consequently with 
their  interaction.  The theoret ical  descr ipt ion of such effects will obviously depend essential ly on whether one 
uses the simple one-veloci ty  model for this (as in [1, 2, 8], where the flow over  the test  par t ic le  of a homoge- 
neous medium modeling the suspension as a whole was analyzed) or the real is t ic  two-veloci ty model (as above). 

F i rs t  of all, the force of the interphase interaction in (8) differs f rom that calculated in [1, 2, 8] in the 
respec t  that the average veloci ty v 0 (or Co) of the continuous phase figures in (8) in place of the velocity v (or c) 
of the suspension. This is entirely unimportant  in a descript ion of the motion of the suspension as a whole, but 
very  important  in an analysis of phenomena such as the settling of suspensions in channels,  holding tanks, etc. 
In fact, let us calculate the part icle  sedimentation rate u = cl, for example, in a gravitat ional  field (Vr = -g )  with 
the condition that the suspension as a whole is s tat ionary,  i.e., e=O. t n th i s ea se ,  f rom (2) we have Co=-(p/g)u, 
and the equation of conservat ion of momentum of the dispersed phase f rom (1) gives 

9 p~L u _ P(d l _ d )  g. (13) 
2 a • s 

F rom this and f rom the definitions of d in (2) and ~ in (12) we obtain 

( 5 / 2 a2ed~--d0)g (14) u . ~ ( 1 - - p ) 2  1 - - ~ -  p uo, Uo - 
/ 9 Ho 

where Uo is the Stokes velocity of settling of a par t ic le  in the purely continuous phase, the density and viscos i ty  
of which are  do and go, respect ively .  

In Fig. 2 Eq. (14) is compared with the experiments  in [14, 15]. The curve which follows f rom [16] is also 
shown here. It is seen that the agreement  between theory and experiment  is good enough up to values of p equal 
to 0.20-0.25. 

Let us indicate the meaning of the individual te rms in (8). The f i rs t  t e r m  descr ibes  the force of the 
viscous action of the surrounding medium on the par t ic le  per unit volume of suspension; in this case the effec-  
tive viscosi ty  p of the suspension plays the role of the viscosi ty  of the medium, while the true velocity of in ter -  
phase slippage v 0 - vl (or c o - cl) plays the role  of the relat ive velocity. The second t e rm represents  the 
effective Fax6n force,  also determined with the help of the v iscos i ty  ~,. Finally, the third t e r m  in (8) descr ibes  
the effective buoyant force (the Archimedes  force),  due both to the external mass force  field and to the inert ial  
force  field; in this case  the average density d of the suspension figures as the density of the external medium. 

We note that the discussion of how to co r rec t ly  write the individual t e rms  in the expression for the force 
of the interphase interaction,  par t icu lar ly  those connected with the p r e s s u r e  gradient in an unperturbed s t ream,  
continues at present  (see [17], for example), with a distinction being made between the components of this 
gradient  produced by hydrostat ic  and hydrodynamic causes.  Equation (8) makes it possible to finish this dis-  
cussion in application to steady s t reams  containing fine par t ic les .  
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We can show that  the re  a r e  a n u m b e r  o f  p r o b l e m s  in which the c o r r e c t  a l lowance  for  the components  of 
the in t e rac t ion  f o r c e  p roves  impor t an t  not only in a quant i ta t ive  but even in a qual i ta t ive  r e spec t .  For  example ,  
it is shown in [18] that  the in t roduc t ion  of  a t e r m  of the f o r m - p V p  into this  fo rce  s e r i o u s l y  a l t e r s  the pa t t e rn  
of  iner t ia l  se t t l ing  of pa r t i c l e s  of  a suspens ion  onto a body ove r  which it flows in c o m p a r i s o n  with the pa t t e rn  
p red ic t ed  in the case  when such a t e r m  is ignored .  In fact ,  a t e r m  p r o p o r t i o n a l  to Av0 f igures  in (8) in p lace  
of the t e r m  conta in ing  Vp, and while the  f o r m e r  quant i ty  can  be e x p r e s s e d  th rough  o ther  dynamic  v a r i a b l e s  
using the equat ions of mot ion,  its final e x p r e s s i o n  s t i l l  d i f fers  f r o m  that  pos tu la ted  in [18]. 

Up to now we have cons ide red  the  equat ions of  c o n s e r v a t i o n  of  m a s s  and m o m e n t u m .  In a n u m b e r  of  
c a s e s  it is a lso i m p o r t a n t  to s tudy the effect  of  the componen t s  of  the ef fec t ive  s t r e s s  t e n s o r ,  which depend on 
the  angular  ve loc i t i e s  of  ro ta t ion  of  the p a r t i c l e s ,  as well  as the equat ions  of c o n s e r v a t i o n  of the m o m e n t  of 
impulse  of  the phases .  F o r m a l  r e p r e s e n t a t i o n s  for t he se  componen t  s t r e s s e s  and equat ions  a re  p r e s e n t e d  in 
[1, 2]. The l a t t e r  include two quant i t ies  which a r e  a lso  e x p r e s s e d  th rough  in tegra l s  ove r  the s u r f a c e  of  the 
t e s t  pa r t i c l e  of the s t r e s s e s  act ing on it:  the ave r age  momen t  of the i n t e rphase  in t e rac t ion  and the  p se u d o -  
t e n s o r  of  the a v e r a g e  " m o m e n t "  s t r e s s e s .  F r o m  the solut ion of  the  p r o b l e m  (6), a f t e r  ca lcu la t ions ,  we obtain 

m : : n  ~ x •  d x : 6 p ~  ( 1  ro tvo--r  (15) 
/ 

x==Q 

as well as 

1 a2ef ' (16) 1 a2gf = 2pa2~tY + 5 =: n x �9 Ix • (n~)]  dx + - ~  

x ~ a  

Here  ~ is the a n t i s y m m e t r i c  a l t e rna t ing  L e v i - C i v t t a  t e n s o r  while y is the p seudo t enso r  of the  "de fo rma t ion  
ve loc i t i e s , "  cons t ruc t e d  f r o m  the field of  the p seudovec to r  r o t  v 0. It is obvious that  with the adopted a c c u r a c y  
ro t  v 0 = ro t  v = ro t  e 0 = ro t  c. 

Monodispersed  suspens ions  have been d i s c u s s e d  above.  Now let us gene ra l i z e  the r e su l t s  obtained to a 
po lyd i spe r sed  suspens ion  with a s i ze  d i s t r ibu t ion  funct ion (p(a) of the p a r t i c l e s  such that  

= - -  a a3~p(a) da. (17) n = ~ (a) da, 0 3 

It is easy  to see  that  such a gene ra l i za t ion  is t r i v i a l  for  the m o d e r a t e l y  concen t r a t ed  suspens ions  under  con -  
s ide ra t ion .  In fact ,  the p o l y d i s p e r s i o n  of the p a r t i c l e s  affects  the rheo log ica l  c h a r a c t e r i s t i c s  o f  the m e d i u m  
only to the extent  to which it affects  the p r o p e r t i e s  of the f ict i t ious d i s p e r s e d  med ium flowing ove r  the t e s t  
pa r t i c l e  in the s u r f a c e  l aye r  c o n c e n t r i c  with the p a r t i c l e  [1, 2]. But in the neglec t  of  the nonover lapp ing  of  the 
p a r t i c l e s  the ex i s t ence  of  such a l a y e r  was neglec ted  a l toge ther .  T h e r e f o r e ,  the r e su l t s  obtained above will  
a lso  be val id  for a pa r t i c l e  of any rad ius  in a p o l y d i s p e r s e d  suspens ion .  It is c l e a r ,  in p a r t i c u l a r ,  that  in the 
approx ima t ion  under  cons ide ra t i on  the e f fec t ive  v i s c o s i t y  of  the suspens ion  does not depend at a l l  on the  f o r m  
of the function q~(a) and is de t e rmined  by Eq. (12) as be fore .  The fo rce  act ing on the (p(a)da p a r t i c l e s  which a re  
in a unit vo lume  of the suspens ion  and have rad i i  in the in te rva l  (a, a +da) on the par t  of the su r round ing  m e d i u m  
has the f o r m  (we use  the l a b o r a t o r y  coord ina te  sys t em)  

df = F(a) r [6~a~t(c0--cl(a)) ,'-- ~a~vAc0 -- __4 ~aSdv(q) + W(a)) ] r (18) 
t 3 J 

The ve loc i ty  el(a) of  the p a r t i c l e s  of rad ius  a is de t e rmined  f r o m  the equat ions  of  c o n s e r v a t i o n  of m a s s  
and m o m e n t u m  for  such p a r t i c l e s ,  which a r e  fully analogous to the equat ions  in (1) 

4 aa3d 1 (c 1 (a) V) c, (a) -- F (a)--  4 ~a~dlVO. (19) vcl(a) = 0, -3 -2 

In this  c a s e  the equat ions  of  c onse rva t i on  of m a s s  and m o m e n t u m  for  the suspens ion  as a whole have the 
f o r m  [we use  the r e p r e s e n t a t i o n  for  a f r o m  (5)] 

VCo = 0, doe (c0v) Co @ -2  -~dl a a (c 1 (a) V) cl (a) r (a) da = - -  VP -~ ~tAvo - -  dvq~- (20) 

The s y s t e m  of equat ions (19) and (20) s e r v e s  for  the de t e rmina t ion  of the unknowns e0, et(a),  and p [in a 
s t r e a m  of m a e r o s c o p i c a l l y  homogeneous  suspens ion  the equat ions of  c o n s e r v a t i o n  of m a s s  in (19) and (20) a r e  
a consequence  of one another] .  The equat ions  of  c o n s e r v a t i o n  of  m a s s  and m o m e n t u m  for  the cont inuous p h a s e  
a r e  obtained af te r  the sub t r ac t ion  f r o m  (20) of  the  c o r r e s p o n d i n g  equat ions  of  (19), in tegra ted  o v e r  da with a 
weight  co(a). 
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By an en t i re ly  analogous means  it is easy  to obtain express ions  for the moment  acting on pa r t i c l e s  of a 
given radius per  unit volume on the pa r t  of the surrounding medium and for the effective pseudotensor  of the 
momen t  s t r e s s e s  f iguring in the equations of conserva t ion  of the moment  of impulse  [1, 2], which rep lace  (15) 
and (16) in the case  of a po lyd i spersed  suspension.  

In conclusion,  we note that it is also easy  to wri te  the express ions  for  the var ious  c h a r a c t e r i s t i c s  of a 
suspens ion which is po lyd ispersed  not only by the s ize but also by the density of the pa r t i c l e s  contained in it. 

N O T A T I O N  

a, pa r t i c le  rad ius ;  e, veloci ty  in the l abo ra to ry  coordinate  s y s t e m  r ;  d, density;  e, t ensor  of deformat ion 
ve loc i t ies ;  f, F(a), fo rce  of in te rphase  in terac t ion  and density of its dis t r ibut ion with r e spec t  to a; g, a c c e l e r a -  
tion of gravi ty ;  k i, coeff icients  in (5) and (9); m, moment  of in te rphase  in teract ion;  n, numer i ca l  concentra t ion 
of pa r t i c l e s ;  n, unit vec to r  of outer  no rma l  at su r face  of t es t  pa r t i c le ;  p, p r e s s u r e ;  u, u 0, veloci ty  of s ed imen -  
tat ion of the suspens ion and of a single pa r t i c l e ,  r e spec t ive ly ;  v, ve loc i ty  in the convect ive coordinate  s y s t e m  
x connected with the cen te r  of the tes t  pa r t i c le ;  y, pseudotensor  of deformat ion  veloci t ies  cons t ruc ted  with 
r e s p e c t  to rot  v0; ~ = 1 - p; z ,  pseudotensor  of moment  s t r e s s e s ;  #, v i scos i ty ;  p, volume concentra t ion  of 
pa r t i c l e s ;  a, E, s t r e s s  t enso r s ;  ~, potent ial  of ex terna l  mass  fo rces ;  ~(a),  pa r t i c le  dis t r ibut ion function by 
radi i ;  qJ, potent ia l  of iner t ia l  f o rces ,  introduced in (4); w, angular  ve loci ty  of pa r t i c l e  rotat ion;  the subsc r ip t s  
zero  and one pe r ta in  to the continuous and d i spersed  phases ,  r e spec t ive ly ;  an a s t e r i s k  denotes the dyadic 
mul t ip l ica t ion  of v ec t o r s ;  an a s t e r i s k  above marks  the fields pe r tu rbed  by the t es t  pa r t i c le .  
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